Abstract Currently, the existence of an extremal singly even self-dual code of length 24k + 10 is unknown for all nonnegative integers k. In this note, we study singly even selfdual [24k + 10, 12k + 5, 4k + 2] codes. We give some restrictions on the possible weight enumerators of singly even self-dual [24k +10, 12k +5, 4k +2] codes with shadows of minimum weight at least 5 for k = 2, 3, 4, 5. We discuss a method for constructing singly even self-dual codes with minimal shadow. As an example, a singly even self-dual [82, 41, 14] code with minimal shadow is constructed for the first time. In addition, as neighbors of the code, we construct singly even self-dual [82, 41, 14] codes with weight enumerator for which no singly even self-dual code was previously known to exist.
Introduction
Extremal self-dual codes are an important class of linear codes for both theoretical and practical reasons. It is a fundamental problem to determine the largest minimum weight among self-dual codes of that length, and much work has been done concerning this problem.
A (binary) code C of length n is a vector subspace of F n 2 , where F 2 denotes the finite field of order 2. All codes in this note are binary. The dual code C ⊥ of C is defined as C ⊥ = {x ∈ F n 2 | x · y = 0 for all y ∈ C}, where x · y is the standard inner product. A code C is called self-dual if C = C ⊥ . Self-dual codes are divided into two classes. A self-dual code C is doubly even if all codewords x of C have weight wt(x) ≡ 0 (mod 4), and singly even if there is at least one codeword of weight ≡ 2 (mod 4). A doubly even self-dual code of length n exists if and only if n ≡ 0 (mod 8), while a singly even self-dual code of length n exists if and only if n is even.
Let C be a singly even self-dual code. Let C 0 denote the subcode of C consisting of codewords x having weight wt(x) ≡ 0 (mod 4). The shadow S of C is defined to be C ⊥ 0 \ C. A singly even self-dual code of length n is called a code with minimal shadow if the minimum weight of the shadow is 4,1,2 and 3 if n ≡ 0, 2, 4 and 6 (mod 8), respectively. The concept of singly even self-dual codes with minimal shadow was introduced in [4] .
Rains [14] showed that the minimum weight d of a self-dual code of length n is bounded by d ≤ 4 n/24 + 4 unless n ≡ 22 (mod 24) when d ≤ 4 n/24 + 6. A self-dual code meeting the upper bound is called extremal. We say that a self-dual code is optimal if it has the largest minimum weight among all self-dual codes of that length. For length 24k + 10 (k = 0, 1, . . . , 5) , we give the current information on the largest minimum weight d(24k + 10): (see [6, Table I ], [7, Table VI ], [11, Table I] ). Currently, the existence of an extremal singly even self-dual code of length 24k+10 is unknown for all nonnegative integers k. In addition, Han and Lee [9] conjecture that there is no extremal singly even self-dual code of length 24k + 10 for all nonnegative integers k. It was shown in [5] that there is no extremal singly even self-dual code with minimal shadow for length 24k + 10. These motivate our interest in singly even self-dual [24k + 10, 12k + 5, 4k + 2] codes.
This note is organized as follows. In Section 2, the possible weight enumerators of singly even self-dual [82, 41, 14] codes are determined. In addition, in Section 3, we give some restrictions on the possible weight enumerators of singly even self-dual [24k + 10, 12k + 5, 4k + 2] codes with shadows of minimum weight at least 5 for k = 2, 3, 4, 5. In Section 4, we discuss a method for constructing singly even self-dual codes with minimal shadow. As an example, a singly even self-dual [82, 41, 14] code C 82 with minimal shadow is constructed for the first time. Finally, in Section 5, as neighbors of C 82 , we construct singly even self-dual [82, 41, 14] codes with weight enumerator for which no singly even self-dual code was previously known to exist. It is a fundamental problem to find which weight enumerators actually occur for the possible weight enumerators. We emphasize that singly even self-dual [82, 41, 14] codes with shadows of minimum weights 1,5,9 are constructed for the first time.
All computer calculations in this note were done with the help of the algebra software MAGMA [2] and the mathematical software MATHEMATICA. [7, Section V] . The weight enumerators of the code and its shadow were given, however unfortunately the weight enumerator of the shadow was incorrectly stated and the correct weight enumerator is
This code has weight enumerator W C 82,3 with
The code was the only previously known singly even self-dual [82, 41, 14] code. In Sections 4 and 5, we construct singly even self-dual [82, 41, 14] codes with weight enumerator for which no singly even self-dual code was previously known to exist.
Restrictions on weight enumerators of singly even self-dual [24k + 10, 12k + 5, 4k + 2] codes
It was shown in [3] that the weight enumerator of a singly even self-dual [24k + 10, 12k + 5, 4k + 2] code with minimal shadow is uniquely determined. In this section, we give some restrictions on the possible weight enumerators of singly even self-dual [24k + 10, 12k + 5, 4k + 2] codes with shadows of minimum weight at least 5 for k = 2, 3, 4, 5. There are cosets
It is a key idea to consider the possible weight enumerator of C 1 .
Possible weight enumerators of C 1
Let C be a singly even self-dual [24k + 10, 12k + 5, 4k + 2] code. Let W (1) and W (3) denote the weight enumerators of C 1 and C 3 , respectively. By [6, Theorem 5, 5)], the possible weight enumerators W (1) − W (3) are written as:
where f (y) = y − 34y 5 + 34y 13 
Optimal singly even self-dual [58, 29, 10] codes with shadows of minimum weight at least 5
The possible weight enumerators of optimal singly even self-dual [58, 29, 10] codes with shadow of minimum weight at least 5 and the shadows are known as follows:
respectively, where β, γ are integers [6] . If there is an optimal singly even self-dual [58, 29, 10] code with weight enumerator W C 58 , then β ∈ {0, 1, 2} [12] . An optimal singly even self-dual code with weight enumerator W C 58 is known for β = 0 and γ ∈ {2m | m = 0, 1, . . . , 65, 68, 71, 79}, β = 1 and γ ∈ {2m | m = 8, 9, . . . , 58, 63}, β = 2 and γ ∈ {2m | m = 0, 4, 6, . . . , 55} (see [10] (2), we obtain
Since the shadow contains no vector of weight 1, we have that b 0 = 0. Hence, we have
The result follows. (2), we obtain
Singly even self-dual
Since a + b 1 is even, c must be an even integer. The result follows. 
Since the shadow has minimum weight at least 5, we have b 0 = 0. Hence, we have 

Proposition 4 If there is a singly even self-dual
Since the shadow has minimum weight at least 5, we have b 0 = 0. Hence, we have
From the coefficients of y 13 and y 21 , e must be even. The result follows. 
Construction of singly even self-dual codes with minimal shadow
The following method for constructing singly even self-dual codes was given in [15] . Let C be a doubly even self-dual code of length 8t. Let x be a vector of odd weight. Let C 0 denote the subcode of C consisting of all codewords which are orthogonal to x. Then there are cosets
is a singly even self-dual code of length 8t + 2. Using this method, a singly even selfdual code with minimal shadow was constructed in [15] Proof Since there is a coset of minimum weight R, there is a coset of minimum weight 2 
Let w be a vector of C 3 . Then w is written as x + c + c , where c ∈ C 0 and c ∈ C 2 . From (4) and (x + c) · c = 1, we obtain
) is the doubly even subcode of C(x). In addition, the vector (1, 0, . . . , 0) (resp. (0, 1, 0, . . . , 0) ) is orthogonal to any vector of the doubly even subcode. This shows that the shadow has minimum weight 1.
We concentrate on singly even self-dual [24k + 10, 12k + 5, 4k + 2] codes with minimal shadow. There is no extremal singly even self-dual code of length 24k + 10 with minimal shadow for any nonnegative integer k [5] . Hence, we have the following proposition. 
where I 40 is the identity matrix of order 40 and R is the 39 × 39 circulant matrix with first row (111100000100101111101011101001101100011).
It was shown in [13] For k ≥ 4, only the extended quadratic residue code QR 104 of length 104 is the known extremal doubly even self-dual code of length 24k + 8. It is not known whether QR 104 has covering radius R ≥ 17. Our computer search failed to find a coset of weight ≥ 17 in QR 104 .
New singly even self-dual [82, 41, 14] codes
In this section, we continue a search to find singly even self-dual [82, 41, 14] codes with weight enumerator for which no singly even self-dual code was previously known to exist.
Two self-dual codes C and C of length n are said to be neighbors if dim(C ∩ C ) = n/2 − 1. Any self-dual code of length n can be reached from any other by taking successive neighbors (see [6] ). By considering self-dual neighbors of C 82 , we found 50 singly even self-dual [82, 41, 14] codes N 82,i (i = 1, 2, . . . , 50) with weight enumerator for which no singly even self-dual code was previously known to exist. These codes are constructed as
where the supports supp(x) of x are listed in Table 1 (see (1) and Table 1 ).
